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We consider polynomial deformations of Lie superalgebras and their representations. For the class A(n−1, 0) ∼=
sl(n/1), we identify families of superalgebras of quadratic and cubic type, consistent with Jacobi identities.
For such deformed superalgebras we point out the possibility of zero step supermultiplets, carried on a single,
irreducible representation of the even (Lie) subalgebra. For the conformal group SU(2, 2) in 1+3-dimensional
spacetime, such irreducible (unitary) representations correspond to standard conformal fields (j1, j2; d), where
(j1, j2) is the spin and d the conformal dimension; in the massless class j1j2 = 0, and d = j1 + j2 + 1. We
show that these repesentations are zero step supermultiplets for the superalgebra SU(2)(2, 2/1), the quadratic
deformation of conformal supersymmetry SU(2, 2/1). We propose to elevate SU(2)(2, 2/1) to a symmetry of
the S-matrix. Under this scenario, low-energy standard model matter fields (leptons, quarks, Higgs scalars
and gauge fields) descended from such conformal supermultiplets are not accompanied by superpartners.
I. INTRODUCTION
The concept of supersymmetry as an extended rela-
tivistic invariance principle for the fundamental particles
and their interactions confronts severe experimental con-
straints, as bounds on masses of the known particles’ pre-
dicted superpartners are pushed upwards. In this paper
we point out that for certain natural extensions of space-
time supersymmetries, there are representations without
any superpartners.
As is well known, supersymmetry in nature is han-
dled at the technical level by Lie superalgebras, gener-
alisations of Lie algebras whose role (especially in their
integrated form as Lie groups) in the physical and math-
ematical aspects of relativistic field theory is well known.
Below, we motivate the introduction of ‘deformations’
of such superalgebras. Our main technical result is the
following: for a class of quadratic polynomial deforma-
tions of the non-extended spacetime conformal superal-
gebra in 1+3 dimensions, there exist certain unitary ir-
reducible supermultiplets carried on only one module of
the even subalgebra: that is, which are comprised of a
single, standard (massless) conformal field of fixed spin,
thus obviating the need for superpartner fields.
We wish to generalise the Lie superalgebras which are
relevant for spacetime supersymmetries. In order to have
a calculable test case for our assertions about the remark-
able possibilities for representations, in the present work
we eschew Poincare´ supersymmetry and more exotic
possibilities like N -extended supersymmetries or higher-
dimensional, or string- or membrane- derived forms, in
favour of the algebraically more tractable conformal su-
peralgebra, or equivalently at the level of complex alge-
bras, we examine the general class A(n− 1, 0) ∼= sl(n/1)
in the Kac-Dynkin classification1 (specializing below to
the real n = 4 form su(2, 2/1)).
II. POLYNOMIAL gl(n) SUPERALGEBRAS
The method consists simply in postulating generalised
structure constants for the bracket relations of the gener-
ators of these algebras, which give the standard relations,
plus (including deformation parameters), terms ‘nonlin-
ear’ in the generators (quadratic and higher polynomials,
of degree p ≥ 2). Such algebras are of course no longer
of Lie type, but at the least we can demand that natu-
ral generalisations of the Jacobi identities hold (so that
in realisations of the relations by linear operators, the
brackets are simply implemented by the usual commuta-
tors and anticommutators).
In the simplest presentation, the superalgebra in ques-
tion has even (Lie) part gl(n). A basis is given by the
Gel’fand generators Lab, a, b = 1, 2, · · · , n, which fulfil
the standard commutation relations
[Lab, L
c
d] = δ
c
bL
a
d − δ
a
dL
c
b. (1)
The odd generators are Qb, Qa, a, b = 1, 2, · · · , n, and
transform as vector, and adjoint vector, with respect to
the Lab:
[Lab, Q
c] = δcbQ
a, [Lab, Qc] = −δ
a
cQb. (2)
The two sets of odd generators are assumed to anti-
commute amongst themselves, that is, {Qa, Qb} = 0
= {Qa, Qb}. For the class of deformations which we
wish to consider, these relations are unaltered; rather,
we examine the rule for the anticommutator {Qa, Qb}
with additional nonlinear terms. We state the following
result, which for convenience includes the standard Lie
superalgebra case (degree p = 1):
Theorem. Polynomial gl(n) superalgebras.
The anticommutation relations amongst odd generators
defined by the following relations,
p = 1 : {Qa, Qb} = λP(1)(L; c)
a
b,
p = 2 : {Qa, Qb} = λP(2)(L;α, c)
a
b,
p = 3 : {Qa, Qb} = λP(3)(L;α, β, c)
a
b, (3)
2satisfy the Jacobi identities and define (for degree p ≥ 2)
polynomial super-gl(n) algebras. Here λ, α, β and c
are complex parameters appropriate to each case. The
p = 2, 3 quadratic and cubic polynomials are given in
Table I. There is no p = 4 solution. For p = 1 we have
P(1)
a
b = L
a
b − δ
a
b〈L〉+ δ
a
bc, which is equivalent to the
Lie superalgebra sl(n/1). ♦
In the above relations and in Table I, we use the fol-
lowing notation: (Ln)ab =
∑
c(L
n−1)acL
c
b, (L
0)ab = δ
a
b,
and 〈Ln〉 =
∑
c(L
n)cc are the standard Casimir opera-
tors. We denote the deformed superalgebras defined via
the above relations by sl(p)(n/1), by analogy with the
ordinary Lie superalgebra case. The explicit forms of the
anticommutation relations embodied in the P(p)(L)
a
b is
best extracted from the tabulated coefficients (Table I);
in the quadratic case:
for example for p = 2, {Qa, Qb} = λ
[
(L2)ab − L
a
b
(
〈L〉 − α
)
− 12δ
a
b
(
〈L2〉−〈L〉2+(n−1+ 2α)〈L〉
)
+ cδab
]
.
The equivalence of sl(1)(n/1) to sl(n/1) ∼= A(n− 1, 0)
can be seen as follows. Firstly, by a suitable rescaling
of the odd generators, the overall constant λ can be
set to 1. Then by redefining the Lab generators via
Lab → L
a
b − δ
a
bc/(n − 1), and finally shifting to
Kab := L
a
b − δ
a
b〈L〉/n, Z = 〈L〉/(n−1), we have the
standard presentation in terms of the even subalgebra
sl(n)×gl(1), {Qa, Qb} = K
a
b−Z δ
a
b, wherein the central
charge parameter c no longer appears explicitly. Similar
rescalings and parameter adjustments can be enacted in
the remaining cases, but for explicit purposes we retain
the somewhat redundant parametrisations as above.
The proof that these generalised structure constants
fulfil the Jacobi identities is straightforward. The mixed
even and odd cases are satisfied automatically, and the
only check needed is that [{Qa, Qb}, Qc] is antisymmetric
in b and c. For example, in the p = 1 case, there is no
condition on c, and [Lab−δ
a
b〈L〉, Qc] = −δ
a
cQb+δ
a
bQc,
as required (because [〈L〉, Qc] = −Qc). Surprisingly,
while the resulting system of homogeneous equations
allows parametrised solutions for the quadratic and cubic
deformed cases p = 2, 3, it turns out that these equations
have full rank for additional quartic coefficients – there
exists no quartic polynomial deformation. ♦
We now recall some facts about representations of the
Lie algebra gl(n). As is well known, highest weight rep-
resentations are labelled by n invariants (λ1, λ2, · · · , λn).
Acting in such representations, the matrix array Lab
fulfils2,3 an analogue of the Cayley-Hamilton identity,
a degree n polynomial relation in powers of L of the
form
∏n
r=1(L − αr) = 0, with roots αr := λr + n − r.
Moreover, in the case of coincident roots, there is a min-
imal identity of the appropriately reduced degree. These
statements still generically apply in infinite dimensional
highest-weight representations (see for example4).
The existence of zero step atypical representations of
polynomial gl(n) superalgebras5 follows from the sim-
ple observation that in certain cases, for a given module
of the even subalgebra, the polynomials P(p)(L) can be
brought into exact correspondence with the appropriate
TABLE I. The polynomials P(p)(L) for p = 2, 3. Monomials
k(κ) ≡ Lk〈Lκ〉 are listed with their accompanying coefficients,
where κ = (κ1, κ2, · · ·) and 〈L
κ〉 ≡ 〈Lκ1〉〈Lκ2〉 · · ·. For exam-
ple, the third row entries for P(3) should be read as the term
− 1
2
Lab(〈L
2〉−〈L〉2+(2α+n−1)〈L〉−2β) in {Qa, Qb}.
2(0)
1
1(1) 1(0)
−1 α
0(2) 0(12) 0(1) 0(0)
− 1
2
1
2
−α− 1
2
(n−1) c
3(0)
1
2(1) 2(0)
−1 α
1(2) 1(12) 1(1) 1(0)
− 1
2
1
2
−α− 1
2
(n−1) β
0(3) 0(21) 0(13)
− 1
3
1
2
− 1
6
0(2) 0(12) 0(1) 0(0)
−1
2
α− 1
6
(2n−3) 1
2
α+ 1
6
(3n−4) −β− 1
2
(n−1)α c
−1
6
(2n2−3n+2)
polynomial identity for that representation – the right-
hand side (3) of the anticommutation relation {Qa, Q
b}
vanishes, and so the odd generators can be set to zero;
the supersymmetry is carried entirely on a single multi-
plet of the even subalgebra.
3III. CONFORMAL SUPERMULTIPLETS WITHOUT
SUPERPARTNERS
It is well known that the Lie algebra of the spacetime
conformal group is isomorphic to su(2, 2), a real form
of sl(4). Equivalents of the above polynomial superal-
gebras exist for su(2, 2). In this non-compact case, the
requirement of having unitary representations imposes
certain hermiticity conditions on the Gel’fand generators
(and matching conditions on the odd generators (super-
charges) of the putative superalgebras). Calling them
Jab, Qa, andQ
b and introducing the pseudo-unitary met-
ric η = diag(1, 1,−1,−1), a, b = 1, 2, 3, 4, we have
(Jab)
† = ηbb′ J
b′
a′ η
a′
a, (Qa)
† = ηab′Q
b′ . (4)
In this real basis, the commutation relations and polyno-
mial deformations are still the same as those given above
for Lab. Most importantly, the polynomial characteris-
tic identity continues to hold in suitable (infinite dimen-
sional) representations.
The classification of the physical, positive energy field
multiplets of conformal symmetry is as follows6. These
are technically lowest weight unitary irreducible repre-
sentations labelled (j1, j2; d), where (j1, j2) is the spin,
and d the conformal dimension. Of the five classes6 of
such unitary representations, the one of interest is the
massless unirreps, with j1j2 = 0, and d = j1 + j2 + 1,
namely either (j1, 0; j1 + 1), (0, j2; j2 + 1) or (0, 0; 1).
From above therefore, the 4× 4 array J , when acting
on such multiplets, will generically satisfy a polynomial
identity of at most quartic degree. In the Appendix,
§A, these conformal multiplets are constructed within the
Fock space of two pairs of bosonic creation and annihila-
tion operators, and the conformal generators are explic-
itly shown to satisfy a quadratic characteristic identity7.
Zero-step representations for the quadratic case
su(2)(2, 2/1) are produced as follows. Referring to (3)
we set λ = 1 (and n = 4) and consider the quadratic
polynomials P(2)(J ;α, c):
Theorem. Zero-step supermultiplets for su(2)(2, 2/1).
For the choice α = −3, c = 0 of central charge parame-
ters, the deformed anticommutator for the supercharges
for the quadratic superalgebra su(2)(2, 2/1) is
P(2)(J ;−3, 0) = J
2−J
(
〈J〉+3
)
− 12
(
〈J2〉− 〈J〉(〈J〉+3)
)
.
For the massless field multiplets of the conformal group
SU(2, 2) (appendix, §A) the generators satisfy the
quadratic identity J2 = J(〈J〉 + 3) with 〈J〉 + 3 given
by 2j1+1 or −2j2+1 for (j1, 0; j1+1) and (0, j2; j2+1),
respectively. From above, P(2)(J ;−3, 0) is identically
zero, and so the massless conformal field multiplets form
zero-step supermultiplets for the quadratic superalgebra
su(2)(2, 2/1). ♦
In other words, it is possible to fulfil the deformed
anticommutation relations (3) of su(2)(2, 2/1) if the su-
percharge generators Qa, Q
b have identically zero action
on the underlying fields: in each case the supersymme-
try is carried entirely on a single multiplet of the even
subalgebra.
IV. DISCUSSION
The present exploration of alternative forms of space-
time supersymmetry mirrors work to investigate poten-
tial violations of ordinary relativistic invariance from
physics at the highest (unification- or Planck- scale)
energies. In that context, the occurrence of a funda-
mental energy scale engenders possible experimental sig-
nals of new physics beyond certain threshholds8. This
corresponds mathematically to certain small correction
terms in quantities such as dispersion relations, which
become significant for such processes. The situation with
su(2)(2, 2/1) is technically similar – the admixture of non-
linear quadratic deformation terms in the algebraic rela-
tions (3), relative to the standard superalgebra, is gov-
erned by the parameter ratio λ : λα (note that in the limit
λ→ 0, with λα = 1, we have su(2)(2, 2/1)→ su(2, 2/1)).
However, in this case the very presence of the additional
quadratic terms, however suppressed, guarantees the ex-
istence of zero-step supermultiplets. In a scenario where
present, low energy (massless) fields are descended from
more fundamental entities at unification scales, the cases
of interest are (12 , 0;
3
2 ), (0,
1
2 ;
3
2 ), (1, 0; 2), (0, 1; 2) and
(0, 0; 1) (spin- 12 fermions and spin-1 vector bosons of ei-
ther chirality, and scalar, respectively). This suggests
that the fundamental leptons, quarks, massless vectors
and Higgs scalars of the standard model are not accom-
panied by superpartners. Note however that “massive”
spin-1 gauge fields may not be so privileged if they derive
from vector multiplets such as (12 ,
1
2 ; 2).
The concern of this work has been technical, rather
than constructive as to how the proposed deformed su-
peralgebras might arise in particle models going beyond
local relativistic quantum field theory9. We have been at
pains simply to establish one explicit example of super-
symmetry without superpartners – the question of sim-
ilar mechanisms for extended analogues of Poincare´ or
related spacetime supersymmetries is open. Hints for
model-building are provided however by early attempts
to generalise strong interaction current algebras to in-
corporate both baryon (trilinear) and meson (bilinear)
fields10. Recently, motivated by an analysis of algebraic
structures in Hamiltonian lattice gauge theories, a va-
riety of polynomial gl(n) superalgebras was identified11
via concrete free field constructions, including quadratic
superalgebras as a case in point5. In the present context,
trilinear fermionic (technicolour?) gauge invariant fields
could indeed provide the ingredients for the Noether su-
percharges of quadratic superalgebras. Based on this,
it might be conjectured then that the notion of ‘secret’
4supersymmetry – supersymmetry without superpartners
– is suggestive of further particle substructure at funda-
mental scales.
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Appendix A: Fock space construction of massless conformal
multiplets
Unitary irreducible representations of su(2, 2) of the
massless type considered in this letter can be constructed
explicitly as ladder subspaces inside the Fock space of
two pairs of bosonic creation and annihilation opera-
tors (each of which realizes Schwinger’s original SU(2)
model). These operators, ai, bj , i, j = 1, 2, and their
conjugates, satisfy the usual bosonic oscillator algebra
[ai, ai
†] = δi,j = [bi, bj
†], (A1)
with N̂a =
∑
i ai
†ai, N̂b =
∑
j bj
†bj being the num-
ber operators. Consider the four-component objects a1,
a2, a3 ≡ b1
†, a4 ≡ b2
† and a1 := a1
†, a2 := a2
†,
a3 := −b1, a
4 := −b2. Then for a, b = 1, · · · , 4 define
Jab = a
aab which satisfy (1) and (4). The quadratic
characteristic identity (J2)ab = (〈J〉 + 3)J
a
b is easily
established, where the linear Casimir is 〈J〉 = N̂a −
N̂b − 2. Within the Fock space spanned by the number
states (a1
†)n1(a2
†)n2(b1
†)n3(b2
†)n4 |0, 0, 0, 0〉, subspaces
with fixed eigenvalue ∆ of N̂a − N̂b are invariant, and
these are in turn built upon subspaces with eigenvalues
(Na, Nb) = (∆, 0) or (0,−∆) depending on the sign of
∆. Given the conformal dimension d̂ = 12
∑
a,b η
a
bJ
b
a =
1
2 (J
1
1+J
2
2−J
3
3−J
4
4) =
1
2 (Na+Nb)+1, for ∆ = 2j1,
∆ = −2j2 these are the required massless multiplets
(j1, 0; j1 + 1) and (0, j2; j2 + 1) respectively.
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